ABSTRACT The problem of 2-D angle estimation for coprime multiple-input multiple-output (MIMO) radar is considered, and a low-complexity propagator based method is proposed. Coprime MIMO radar is configured with transmit and receive rectangular arrays, where transmit array has N×Q elements while receive array has M×P elements (M is coprime to N while P is coprime to Q). Based on the uniformities of the arrays, unitary transformation is exploited to transform the complex data into real-valued one, and then the signal subspace is obtained from a low-complexity propagator matrix, which requires neither eigenvalue decomposition nor pseudo inversion. Thereafter, automatically paired two pairs of coprime parameter estimations can be acquired based on the rotational invariance within the signal subspace. Finally, unique 2-D angle can be estimated from the coincide result of the coprime estimations. Due to the realvalued propagator based method, the proposed method has low complexity, but it can achieve better angle estimation results than conventional methods. Theoretical analysis of the method is derived, and simulation results are presented to verify the effectiveness of the proposed approach.
I. INTRODUCTION
Multiple input multiple out (MIMO) radar adopts multiple transmit and receive antennas and exploits waveform diversity to increase the degrees of freedom (DOF). Compared to conventional radar systems, MIMO radar can overcome fading effect, enhance system capacity and improve target detection performance [1] - [3] . Angle estimations including transmit angle estimation and receive angle estimation are important issues for MIMO radar, and many effect angle estimation methods have been established. Multiple signal classification (MUSIC) method obtains the angle estimation via high computational peak search [4] , and root-MUSIC transforms the peak search into polynomial root finding [5] . Parallel factor analysis (PARAFAC) method links the data matrix with high-order decomposition to estimate multiple parameter estimations including the angle estimation [6] . Estimation of signal parameters via rotational invariance technique (ESPRIT) based methods [7] - [8] exploit the uniformities of the transmit and receive arrays to obtain closed-form solutions of the angle estimations, but the involved eigenvalue decomposition (EVD) still requires high complexity. To further reduce the complexity, propagator method (PM) uses matrix partition and pseudo inversion instead of EVD to obtain the signal subspace [9] . All these methods in [4] - [9] are proposed for one-dimensional angle estimation based on linear arrays.
For two dimensional angle estimation in MIMO radar, PM is extended to double parallel uniform linear arrays (DPULA) in [10] and high-order decomposition method using cross array is developed in [11] for the two dimensional angle estimation in MIMO radar. In [12] , MIMO radar with transmit and receive rectangular arrays is investigated, and an unitary f(U) RD-ESPRIT is proposed. However, as the used arrays have strict requirements on the inter-element spacing, which should not exceed half-wavelength to avoid phase ambiguity problem, the mutual coupling problem may be brought in [13] . Furthermore, large numbers of overlapped virtual elements caused by the compact array limit the achieved DOF.
As a new array geometry concept, coprime array is composed of two sparse ULAs [14] , and the phase ambiguity caused by the sparse arrays can be eliminated by selecting the coincide results from the two coprime subarrays [15] . Coprime array has been applied for broadband signal and quasi-stationary signal angle estimations in [16] and [17] , respectively. Coprime MIMO radar, which utilizes coprime array for the transmit and receive arrays, has been discussed in [18] and [19] , and superior performance over conventional methods has been proved. Augmented coprime array (ACA) [20] has also been employed for MIMO radar to increase the DOF in [21] . However, these applications of coprime array in MIMO radar only consider one-dimensional situation, which is insufficient for practical application.
In this paper, we consider the two-dimensional angle estimation for coprime MIMO radar, which is configured with transmit and receive rectangular arrays. To reduce the computation complexity, unitary transformation is adopted to transform the complex data into real-valued one, and then a new real-valued propagator based method was developed. In contrast to conventional propagator matrix, the new propagator matrix has equivalent estimation results but requires no pseudo inversions. Based on the rotational invariance within the propagator matrix, two pairs of coprime parameter estimations can be acquired, and unique two dimensional angle can be obtained from the coincide result. Theoretical errors of the angles estimated by the proposed method are derived, and simulation results verify that the proposed method has better angle estimation performance and higher resolution than the URD-ESPRIT method in [12] and ACA-ESPRIT in [21] .
Notation: (.) T , (.) * , (.) H , (.) −1 and (.) + denote transposition, conjugate, conjugate-transposition, inversion and pseudo inversion, respectively.
• and ⊗ represent the KhatriRao product and Kronecker product, respectively. E[.] means expectation, and diag(v) stands for a diagonal matrix with vector v being the diagonal element. I K and K denote K ×K identity and reverse identity matrices, respectively. Re(a) and Im (a) represent the real and imaginary parts of a, respectively. amp [·] and angle [·] are extracting signed-amplitude and phase operations, respectively.
The rest of the paper is organized as follows. Section II gives the data model for coprime MIMO radar with rectangular arrays. The proposed low-complexity propagator based two dimensional angle estimation method is developed in Section III. Section IV shows the theoretical error analysis of the proposed method. The simulation results are presented in Section V to verify the improvement of the proposed method, while the conclusions are made in Section VI. Fig.1 shows the framework of coprime MIMO radar, where both the transmitter and receiver are sparse rectangular arrays. As been mentioned in the introduction, the sparse arrays can reduce the mutual coupling problem and enhance the spatial resolution. The transmit array has N × Q elements, and the inter-element distances along the X-axis and Y-axis are Pd and Md, respectively. The receive array has M × P elements, and the inter-element distances along the X-axis and Y-axis are Qd and Nd, respectively (The transmit and receive arrays share the same reference point, and we separate them in the figure for clear observation). The unit distance d is generally set as half-wavelength.
II. DATA MODEL
Assume that there are K uncorrelated targets with elevation and azimuth angles being (θ k , φ k ), k = 1, . . . , K . As only the array configurations are different to the conventional MIMO radar in [3] - [4] , we can give the signal model directly. The output after the matched filters in a noise-free case can be expressed as
where
T contains the reflecting information of all the targets [5] . A = A t • A r is the overall direction matrix, and the transmit direction matrix is
where a N (u k ) and a Q (v k ) are the steering vectors of the arrays in the Y-axis and X-axis, respectively.
where u k = sin θ k sin φ k and v k = sin θ k cos φ k . Similarly, the columns of the receive direction matrix
are the steering vectors of the arrays in the Y-axis and X-axis, respectively.
, and it is obtained from Eq(1) and Eq. (2) that the overall direction matrix and steering vector of MIMO radar with rectangular arrays can be expressed as
The covariance matrix of the output in Eq. (1) is expressed as
is a diagonal matrix containing target reflecting powers.
III. TWO DIMENSIONAL ANGLE ESTIMATION BASED ON LOW-COMPLEXITY PROPAGATOR METHOD
In this section, two dimensional angle (θ and φ) estimation based on a low-complexity propagator method will be discussed. The method has three major steps including unitary transformation, low-complexity propagator matrix construction and two dimensional angle estimation.
A. UNITARY TRANSFORMATION
Note that both the transmit and receive arrays are uniform arrays, and the direction matrix satisfies center-Hermitian property [22] 
where = N Q M P , and
, and P = diag(e j(P−1)Qπv 1 , . . . , e j(P−1)Qπv K ) are diagonal matrices. Then unitary transformation can be exploited to transform the complex data into real-valued one to reduce the computation complexity. The unitary matrices are defined as
Define Q A = Q MNPQ , then the real-valued covariance matrix is obtained via [22] 
As MNPQ Q * A = Q A , Eq. (7) can be rewritten as
Substitute Eq. (4) and Eq. (5) into Eq. (8), then
can be regarded as the direction matrix after unitary transformation, and we will concentrate on the new direction matrix to extract the angle estimation in the following sections.
B. LOW-COMPLEXITY PROPAGATOR MATRIX CONSTRUCTION
For uniform arrays, ESPRIT is a proper choice for it can obtain closed-form angle estimation, but the high computational EVD reduces its efficiency. Propagator method can acquire the signal subspace without EVD, but the complex pseudo inversions are brought in. In this section, we will propose a new low-complexity propagator matrix, which requires neither EVD nor pseudo inversions.
Firstly, let we briefly review the conventional propagator method. The direction matrix be partitioned as
where B 1 and B 2 are the first K and last (MNPQ-K ) rows of B, respectively. For matrix B with full column rank, B 1 is a nonsingular matrix, and the conventional propagator matrix P c is defined as a unique linear operator giving the relationship between B 1 and B 2 [23] 
Then the expanded propagator matrix is constructed as [24]
The expanded propagator matrix satisfies
Eq. (13) indicates that the columns of P and B span the same subspace, so P can be regarded as the signal subspace. The propagator matrix P c can be calculated from the covariance matrix without EVD. Use G and H to denote the VOLUME 6, 2018 first K and last (MNPQ-K ) columns of R r . Then they are expressed as
As they satisfy GP c = H, the propagator matrix P c can be obtained via Least squares (LS) [24] 
Then the expanded propagator matrix can be constructed via Eq. (12) . However, the calculation of the expanded propagator matrix in such way still requires high computational pseudo inversion in Eq. (15), and we will show a fast way to obtain the signal subspace. Combine Eq.(13) and note that R H r = R r , then it is obtained that PG H = R r , so the expanded propagator matrix is equivalently calculated via
By observing Eq. (16), we find that (G H G) −1 ∈ R K ×K is a non-singular matrix, so the columns of R r G have already spanned the same space as that of P. Consequently, the signal subspace can be directly obtained via
where P s is the new propagator matrix, which can be obtained without any pseudo-inversion operations. Compared to the conventional propagator matrix in Eq. (16), the new propagator matrix saves about O(MNPQK 2 + K 3 ) complexity, which grows quickly with the increasing of the target number.
According to Eq.(13) and Eq.(17), the relationship between P s and the direction matrix is
where T = (G H G) −1 B 1 is a non-singular matrix since both (G H G) −1 and B 1 are full-rank items.
C. TWO DIMENSIONAL ANGLE ESTIMATION
After obtaining the signal subspace with the new propagator method, now we continue to obtain the two dimensional angle estimation based on the rotational invariance within the signal subspace.
Due to the uniformities of the arrays, the direction matrix A satisfies rotational invariances [8] 
] ⊗ I P are selecting matrices, which are defined based on the structure of the steering vector in Eq.(3). u1 = diag(e −jM πu 1 , · · · , e −jM πu K ) and u2 = diag(e −jN πu 1 , · · · , e −jN πu K ) are diagonal matrices depending on u. After the unitary transformation, the rotational invariances within the new direction matrix B become [22] 
Substitute the rotational invariances in Eq. (20) into Eq.(18), then P s satisfies
where u1 = T u1 T −1 and u2 = T u2 T −1 . The LS solutions of Eq. (21) are
To make the estimations of u from u1 and u2 automatically paired, construct matrix
According to Eq. 
where r is an integer varying follows m with the restraint −1 ≤ȗ m k ≤ 1. Similarly, use β k , k = 1, . . . , K to denote the imaginary parts of the eigenvalues of u , then there are N solutions of u, which are expressed as
where z is an integer varying follows n with the restraint −1 ≤ u n k ≤ 1. Now we have obtained two groups of estimations of u, and the unique estimation can be obtained by finding the coincide result of the two groups due to the coprime-ness of M and N [25] . With the influence of noise, the unique u is obtained by averaging the two nearest estimations between the two groupŝ 
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For the estimations of v, the corresponding rotational invariances become
where (23), the direction matrix can be estimated via Eq. (18), then the two diagonal matrices are estimated via LS
where f is an integer varying follows p with the restraint
where g is an integer varying follows q with the restraint Finally, the two dimensional angle can be estimated viâ
In practice, the covariance matrix in Eq. (4) is estimated via finite samples,R
where T denotes the sample number andx(t) represents the receive data under the influence of noise. The angle estimation error caused by the perturbation of the covariance matrix will be derived in section IV.
D. SUMMARIES OF THE ALGORITHM
The major steps of the proposed propagator based two dimensional angle estimation method can be summarized as follows: 1) Construct the covariance matrix via Eq.(34), and transform it into real-valued matrix via Eq. (7). 2) Calculate the new propagator matrix P s via Eq. (14) and Eq.(17). . Our method will be compared with other methods utilizing rectangular arrays in MIMO radar. The URD-ESPRIT in [12] adopts conventional compact rectangular arrays, and the ACA-ESPRIT in [21] can be extended to augmented coprime rectangular arrays in [26] . The advantages of the proposed algorithm can be summarized as:
1) Coprime MIMO radar with sparse rectangular arrays is exploited, so the proposed algorithm can effectively reduce the mutual coupling influence. 2) Neither EVD nor pseudo inversion is required to obtain the signal subspace, and both the calculation of the new propagator matrix and the extraction of the rotational invariance are real-valued, so the proposed algorithm has low complexity. 3) Compared to URD-ESPRIT method and ACA-ESPRIT method, the proposed method can achieve more accurate angle estimation and higher spatial resolution, which will be verified in the simulation section.
IV. ERROR ANALYSES
In this section, we will analyze the mean square error (MSE) of the two dimensional angle estimated by the proposed method. Define V = G H G, and according to Eq.(16)-Eq. (17), the relationship between the conventional expanded propagator matrix and the new propagator matrix is
Take the estimation of u in Eq.(22.a) as an example, and if the conventional propagator matrix P is used as the signal subspace, then
(36) VOLUME 6, 2018 Eq.(36) indicates that uc1 and u1 have the same eigenvalues, which are the diagonal elements of u1 . So the estimation error using the new propagator matrix P s is the same as that using P, whose analysis results can be partially adopted here. Based on [24] , the approximate MSEs of the eigenvalues obtained via Eq. (23) and Eq.(28) with high signal to noise ratio (SNR) are derived as
where y i denotes the i-th element of a vector y = {α k , β k , χ k , δ k }, σ 2 denotes the noise power and c k is the kth column of C = B(R s B H B) −1 .R = BR s B H + σ 2 I MNPQ is the ideal covariance matrix with infinite samples, and ρ y i is defined as
where e k is the kth column of the identity matrix I K . According to Eq.(24)-Eq. (26), the estimation error of u can be approximately expressed as
According to Eq.(29)-Eq.(31), the estimation error of v can be approximately expressed as
Then the second-order statistics are 
So the MSE of the two dimensional angle can be expressed as
Substitute Eq.(41) into Eq.(44)-Eq.(45), then the approximate MSE of the two dimensional angle estimation can be acquired.
The validity of the derivation will be verified in the simulation section below.
V. SIMULATION RESULTS
To measure the angle estimation performance, define the root mean square error (RMSE) of the angle estimation as The angle estimation performance comparison between the algorithms in terms of SNR is presented in Fig.2 , where the theoretical error results obtained in section IV are also shown. It is indicated from Fig.2 that the proposed method has better angle estimation performance than URD-ESPRIT and ACA-ESPRIT methods, especially with high SNR. The propagator matrix is perturbed greatly with low SNR [24] , which degrades the performance improvement of proposed algorithm. In addition, Fig.2 also proves the validity of the theoretical error analysis in section IV, as now the theoretical line and simulation line are almost overlapped with high SNR (note that the theoretical derivation is based on the high-SNR assumption in section IV).
In Fig.3 , the angle estimation performance comparison versus the sample number is presented, and SNR is set to 20dB. When sample number varies from 50 to 500, the proposed method always achieves the best angle estimation performance among the three algorithms. Moreover, the theoretical results are coincident with the simulation results, which proves the validity of the theoretical derivation once again.
To investigate the angular resolutions of the algorithms, we utilize the resolution probability to evaluate the elevation and azimuth angle estimation performances versus angular separation in Fig.4 and Fig.5 , respectively. Two close angles θ 1 and θ 2 can be regarded as resolvable if both θ 1 − θ 1 and θ 2 − θ 2 are smaller than |θ 1 − θ 2 | /2 [25] . In Fig.4 , two targets with angles being (θ 1 , φ 1 ) = (25 • , 10 • ) and (θ 2 , φ 2 ) = (θ 1 + θ, 15 • ) are adopted, and θ denotes the elevation angular separation. Likewise, two targets with angles being (θ 1 , φ 1 ) = (10 • , 25 • ) and (θ 2 , φ 2 ) = (15 • , φ 1 + φ) are adopted in Fig.5 , and φ denotes the azimuth angular separation. It is observed from Fig.4 and Fig.5 that the proposed method achieves both the best elevation and azimuth angular resolutions among the methods.
VI. CONCLUSIONS
In this paper, a low-complexity propagator based two dimensional angle estimation method for coprime MIMO radar is developed. After transforming the received data into realvalued one, a new propagator matrix is calculated without any EVD or pseudo inversions. The propagator matrix can be used as the signal subspace, whose rotational invariance is exploited to obtain two pairs of coprime parameter estimations, whose coincide result determines the final unique two dimensional angle estimation. The estimation error of the proposed method is derived theoretically, and simulation results verify that the proposed method has better angle estimation performance and higher resolution than the URD-ESPRIT and ACA-ESPRIT methods.
